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1. Introduction 
 

Recent advancements in materials engineering have 

marked remarkable progress, with one of the most 

intriguing and innovative developments being the 

emergence of functionally graded materials (FGMs). 

Departing from conventional material design paradigms, 

FGMs have garnered considerable interest due to their 

unique and versatile properties. Unlike homogeneous 

materials, FGMs exhibit a continuous and seamless 

variation in their thermo-mechanical characteristics, making 

them distinct and highly adaptable. 

FGMs represent a significant breakthrough in 

engineering and science, offering innovative solutions to 

multifaceted challenges encountered across various 

industries, including aerospace and biomedical sectors. 

Introduced by (Niknam et al. 2014), the concept of FGMs 

has sparked a wave of advancements in materials science 

and engineering. Fundamentally, FGMs are designed to 

possess tailored properties that smoothly transition from 

one end to another (Hadji et al. 2024b). Unlike traditional 
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materials with uniform characteristics, FGMs exhibit a 

gradient wherein properties such as mechanical strength, 

thermal conductivity, or chemical composition gradually 

vary in a predetermined direction. This unique feature holds 

tremendous potential for revolutionizing the design and 

performance of numerous components and systems. 

The versatility of FGMs extends across diverse fields. In 

aerospace applications, they bolster the performance and 

resilience of vital components like turbine blades and heat 

shields. Within biomedical engineering, FGMs are tailored 

to mimic the mechanical properties of human tissues, 

leading to enhanced implants and prosthetics. Moreover, 

these materials exhibit promise in energy storage, electronic 

devices, and architectural contexts, where they optimize 

heat distribution and ensure structural robustness. Given the 

ubiquitous use of plates across sectors like civil 

engineering, marine, and aerospace engineering (Shahsavari 

et al. 2018), understanding their dynamic response, 

particularly in free vibration scenarios, is imperative. 

Furthermore, it is notable that porosities may arise 

during the sintering phase in the production of FGMs, 

primarily due to the disparate solidification temperatures of 

their components (Zhu et al. 2001). In their investigation, 

(Wattanasakulpong et al. 2012) delved into the occurrence 

of porosities in FGM samples crafted through a sequential 

infiltration technique involving multiple steps. It is crucial 

to take into account the impact of porosity when designing 

structures made of FGMs under dynamic loading 

conditions. Recent research by (Wattanasakulpong and 

Ungbhakorn 2014) explored the vibration phenomena in FG 
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beams containing porosities. Moreover, (Hadji et al. 2023a, 

Hadji et al. 2023b) explored the free vibration of porous FG 

beams by employing a higher-order shear deformation 

model. Their investigation delved into the influence of 

porosity, volume fraction, composition, and geometry on 

bending behavior and natural frequencies. Additionally, 

they employed hyperbolic shear deformation theory without 

shear correction factors to derive equations of motion via 

Hamilton’s principle. Their primary objective was to 

examine how void distribution influences the free vibration 

characteristics of FGM beams using an advanced shear 

deformation model. (Noori et al. 2021) conducted dynamic 

analysis of FG porous beams using complementary 

functions method in the Laplace domain. Their parametric 

studies showed the influence of porosity constants, 

symmetric and asymmetric porosity distributions and 

damping ratios on the dynamic response. 

In the same way, (Atmane et al. 2015) investigated a 

computational shear displacement model for vibrational 

analysis of functionally graded (FG) beams with porosities. 

(Ramteke et al. 2019) studied the effect of grading pattern 

and porosity on the eigen characteristics of porous FG 

structures. (Xu et al. 2021) developed wave propagation 

analysis of porous FG curved beams in thermal 

environment. (Meksi et al. 2023) analyzed the effect of 

temperature-dependent properties on the dynamic behavior 

of FG porous beams rested on variable elastic foundation. 

(Turan et al. 2023) conducted free vibration and buckling 

analysis of FG porous beams using a combination of 

analytical methods, finite element analysis, and artificial 

neural networks. Similarly, (Yaylaci et al. 2023) performed 

numerical investigations on the vibration and buckling 

behavior of FGM beams with edge cracks, employing the 

finite element method (FEM) and multilayer perceptron 

models. (Lakhdar et al. 2024) investigated the static 

bending and free vibration behavior of porous bi-directional 

FG doubly curved sandwich shells using a combination of 

third-order shear deformation theory and the p-version 

FEM. 

FG plates have been thoroughly examined in the 

literature, particularly under static loading conditions 

(Doori et al. 2024). The free vibration of plates has been 

studied using various methods such as the finite element 

method (Eratli and Akoz 2002), differential quadrature 

method (Wu 2006), Vlasov model (Ayvaz and Oguzhan 

2008), Integrated Force Method (Dhananjaya et al. 2010), 

meshfree model (Bui and Nguyen 2011). Two main 

approaches are typically employed when considering 

variation in FGMs. In the first approach, material property 

grading, such as power law or exponential law, is directly 

considered etc. (Abdalla et al. 2020, Nie and Batra 2010). 

In the second approach, variation in material composition, 

such as volume fraction, is manipulated (Arefi et al. 2020, 

Zenkour 2005). Due to differing thermo-mechanical 

properties, there is a risk of delamination of materials 

(Suresh and Mortensen 1997). So, a continuous gradation of 

materials is mathematically represented by assuming 

specific laws (Hadji et al. 2024a). Moreover, the material 

properties for these assumed FGMs are often estimated 

using methods such as the rule of mixture (ROM), Mori- 

 

Fig. 1 Rectangular FG plate geometry and coordinate axes: 

(a) 3D view, (b) Cross section 

 

 

Tanaka, and others (Benveniste 1987, Bruck and Rabin 

1999). 

As far as the authors are aware, there hasn’t been a 

thorough investigation employing both shear and normal 

deformation theory to analyze the vibration characteristics 

of FG plates with porosities. Therefore, this study aims to 

explore the vibration response of porous FG plates, using 

trigonometric shear deformation plate theory to analyze 

their behavior. The material properties and porosity 

distribution within the plates change across the thickness 

direction according to the chosen pattern. The governing 

equations stem from the principle of least action, furnishing 

an analytical solution for evaluating the free vibration of 

porous FG plates. Furthermore, the analysis investigates 

how porosity distribution patterns and plate geometric 

factors, such as aspect ratio, affect the natural frequencies. 

 

 

2. FG plates with porosities 
 

Fig. 1 presents a schematic of an FG plate composed of 

two materials: ceramic and metal. The properties of the FG 

plate vary based on a power-law gradation, as described in 

Eq. (1) (Thai et al. 2014) 

 𝑃(𝑧) = (−𝑃𝑏 + 𝑃𝑡) (
𝑧

ℎ
+

1

2
)
𝑘

+ 𝑃𝑏                  (1) 

In the above, the parameters Pb and Pt are values of the 

material properties at the bottom of the plate and the top of 

it, respectively, with k being the power-law exponent. The 

bottom surface of the FG plate is entirely composed of 

metal, whereas the top surface is solely ceramic, as shown 

in the figure. Therefore, varying the parameter k yields 

distinct metal-ceramic compositions throughout the plate. 

When dealing with a porous FG plate, the rule of  
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Fig. 2 Distributions of porosity: (a) “U” (Uniform), (b) “X” 

Shape, (c) “O” Shape, (d) “V” Shape 

 

 

mixture necessitates adjustment. Specifically, for both 

uniform and non-uniform types of porosity distribution 

shapes, the revised rule of mixture is represented by Eqs. 

(2), (3), (4), and (5) for the Uniform, “X” shape, “O” shape, 

and “V” shape distributions, respectively (Hadj et al. 2019). 

Fig. 2 shows the shapes that correspond to these four 

distributions of porosity. 

𝑃(𝑧) = (−𝑃𝑏 + 𝑃𝑡) (
𝑧

ℎ
+

1

2
)
𝑘

+ 𝑃𝑏 −
𝛽

2
⋅ (𝑃𝑏 + 𝑃𝑡)  (2) 

𝑃(𝑧) = (−𝑃𝑏 + 𝑃𝑡) (
𝑧

ℎ
+

1

2
)
𝑘

+ 𝑃𝑏 −
𝛽

2
⋅ (𝑃𝑏 + 𝑃𝑡) ⋅

(2
𝑧

ℎ
)  

(3) 

𝑃(𝑧) = (−𝑃𝑏 + 𝑃𝑡) (
𝑧

ℎ
+

1

2
)
𝑘

+ 𝑃𝑏 −
𝛽

2
⋅ (𝑃𝑏 + 𝑃𝑡) ⋅

(1 − 2
|𝑧|

ℎ
)  

(4) 

𝑃(𝑧) = (−𝑃𝑏 + 𝑃𝑡) (
𝑧

ℎ
+

1

2
)
𝑘

+ 𝑃𝑏 −
𝛽

2
⋅ (𝑃𝑏 + 𝑃𝑡) ⋅

(
1

2
+

𝑧

ℎ
)  

(5) 

Within these equations, β<0 represents the porosity 

volume fraction. The properties of an ideal FG plate can be 

derived by taking the parameter β equal to zero. 

 

2.1 Kinematic, strain and stress relations 
 

The assumed field of displacements can be defined by 

the subsequent equations (Hadji et al. 2011) 

 𝑈(𝑥,  𝑦,  𝑧,  𝑡) = 𝑢0(𝑥,  𝑦,  𝑡) − 𝑧
𝜕𝑤𝑏

𝜕𝑥
− 𝑓(𝑧)

𝜕𝑤𝑠

𝜕𝑥
 

𝑉(𝑥,  𝑦,  𝑧,  𝑡) = 𝑣0(𝑥,  𝑦,  𝑡) − 𝑧
𝜕𝑤𝑏

𝜕𝑦
− 𝑓(𝑧)

𝜕𝑤𝑠

𝜕𝑦
  

𝑊(𝑥,  𝑦,  𝑧,  𝑡) = 𝑤𝑏(𝑥,  𝑦,  𝑡) + 𝑤𝑠(𝑥, 𝑦, 𝑡)  

(6) 

Also, f(z) refers to the variation of the shear strain in the 

transverse direction throughout the thickness of the plate. 

For this work, it has been adopted as (Khelifa et al. 2018) 

𝑓(𝑧) = 𝑧 −
ℎ

𝜋
⋅ 𝑠𝑖𝑛 (

𝜋𝑧

ℎ
)  (7) 

The non-zero strains in Eq. (6) are 

 𝜀𝑥 = 𝜀𝑥
0 + 𝑧 𝑘𝑥

𝑏 + 𝑓(𝑧) 𝑘𝑥
𝑠  

𝜀𝑦 = 𝜀𝑦
0 + 𝑧 𝑘𝑦

𝑏 + 𝑓(𝑧) 𝑘𝑦
𝑠  

𝛾𝑦𝑧 = 𝑔(𝑧) 𝛾𝑦𝑧
𝑠  

𝛾𝑥𝑧 = 𝑔(𝑧) 𝛾𝑥𝑧
𝑠  

𝜀𝑧 = 0 

(8) 

where 

𝜀𝑥
0 =

𝜕𝑢0

𝜕𝑥
,  𝑘𝑥

𝑏 = −
𝜕2𝑤𝑏

𝜕𝑥2
,  𝑘𝑥

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑥2
,  

 

 𝜀𝑦
0 =

𝜕𝑣0

𝜕𝑥
,  𝑘𝑦

𝑏 = −
𝜕2𝑤𝑏

𝜕𝑦2
,  𝑘𝑦

𝑠 = −
𝜕2𝑤𝑠

𝜕𝑦2
, 

𝛾𝑦𝑧
𝑠 =

𝜕𝑤𝑠

𝜕𝑥
,  𝛾𝑥𝑧

𝑠 =
𝜕𝑤𝑠

𝜕𝑥
,  𝑔(𝑧) = −𝑓′(𝑧) + 1  

(9) 

The constitutive relationships can be given as 

{
 
 

 
 
𝜎𝑥
𝜎𝑦
𝜏𝑦𝑧
𝜏𝑥𝑧
𝜏𝑥𝑦}

 
 

 
 

=

[
 
 
 
 
𝐶11 𝐶12 0 0 0
𝐶12 𝐶22 0 0 0
0 0 𝐶44 0 0
0 0 0 𝐶55 0
0 0 0 0 𝐶66]

 
 
 
 

⋅

{
 
 

 
 
𝜀𝑥
𝜀𝑦
𝛾𝑦𝑧
𝛾𝑥𝑧
𝛾𝑥𝑦}
 
 

 
 

 (10) 

where  

𝐶11 = 𝐶22 =
𝐸(𝑧)

1−𝜈2
  

𝐶12 =
𝜈 𝐸(𝑧)

1−𝜈2
  

𝐶44 = 𝐶55 = 𝐶66 =
𝐸(𝑧)

2(1+𝜈)
  

(11) 

  

2.2 Motion equations 
 

In this context, the Principle of Least Action is applied 

to derive the equations of motion, and it is analytically 

formulated as follows (Reddy 2017) 

 ∫ (𝛿𝑈 − 𝛿𝑇)
𝑡

0
= 0                              (12) 

In the above, δU denotes the variation of strain energy, 

while the one of the kinetic energy is denoted as δT and the 

one of the strain energy can be obtained by 

 𝛿 𝑈 = ∫ [𝜎𝑥𝛿𝜀𝑥 + 𝜎𝑦𝛿𝜀𝑦 + 𝜏𝑥𝑦𝛿𝛾𝑥𝑦 + 𝜏𝑦𝑧𝛿𝛾𝑦𝑧 +𝑉

𝜏𝑥𝑧𝛿𝛾𝑥𝑧]  𝑑𝑉 

       = ∫ [𝑁𝑥𝛿𝜀𝑥
0 + 𝑁𝑦𝛿𝜀𝑦

0 +𝑁𝑥𝑦𝛿𝛾𝑥𝑦
0 +𝑀𝑥

𝑏𝛿𝑘𝑥
𝑏 +

𝐴

𝑀𝑦
𝑏𝛿𝑘𝑦

𝑏 +𝑀𝑥𝑦
𝑏 𝛿𝑘𝑥𝑦

𝑏   

            +𝑀𝑥
𝑠𝛿𝑘𝑥

𝑠 +𝑀𝑦
𝑠𝛿𝑘𝑦

𝑠 +𝑀𝑥𝑦
𝑠 𝛿𝑘𝑥𝑦

𝑠 + 𝑆𝑦𝑧
𝑠 𝛿𝛾𝑦𝑧

𝑠 +

𝑆𝑥𝑧
𝑠 𝛿𝛾𝑥𝑧

𝑠 ] 𝑑𝐴 = 0  

(13) 

In the above (Eq. (13)), A denotes the top surface of the 

plate. The stress resultants (denoted as N, M, and S) can be 

obtained as follows 

{

𝑁𝑥 𝑁𝑦 𝑁𝑥𝑦

𝑀𝑥
𝑏 𝑀𝑦

𝑏 𝑀𝑥𝑦
𝑏

𝑀𝑥
𝑠 𝑀𝑦

𝑠 𝑀𝑥𝑦
𝑠

} = ∫ (𝜎𝑥, 𝜎𝑦, 𝜏𝑥𝑦) {
1
𝑧
𝑓(𝑧)

} 𝑑𝑧
ℎ/2

−ℎ/2

 

(𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 ) = ∫ (𝜏𝑥𝑧, 𝜏𝑦𝑧)
ℎ/2

−ℎ/2
𝑔(𝑧)𝑑𝑧  

(14) 

If we combine Eqs. (10), (14) and we integrate across 

the plate’s thickness, the parameters N, M, and S can be 

calculated as 

 {
𝑁
𝑀𝑏

𝑀𝑠
} = [

𝐴 𝐵 𝐵𝑠

𝐵 𝐷 𝐷𝑠

𝐵𝑠 𝐷𝑠 𝐻𝑠
] {
𝜀
𝑘𝑏

𝑘𝑠
} ,  𝑆 = 𝐴𝑠𝛾         (15) 

where 

𝑁 = {𝑁𝑥, 𝑁𝑦,  𝑁𝑥𝑦}
𝑡
, 𝑀𝑏 = {𝑀𝑥

𝑏, 𝑀𝑦
𝑏,  𝑀𝑥𝑦

𝑏 }
𝑡
,  

𝑀𝑠 = {𝑀𝑥
𝑠, 𝑀𝑦

𝑠,  𝑀𝑥𝑦
𝑠 }

𝑡
 

𝜀 = {𝜀𝑥
0, 𝜀𝑦

0, 𝛾𝑥𝑦
0 }

𝑡
,  𝑘𝑏 = {𝑘𝑥

𝑏, 𝑘𝑦
𝑏, 𝑘𝑥𝑦

𝑏 }
𝑡
,  

𝑘𝑠 = {𝑘𝑥
𝑠 ,  𝑘𝑦

𝑠 ,  𝑘𝑥𝑦
𝑠 }

𝑡
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𝐴 = [

𝐴11 𝐴12 0
𝐴12 𝐴22 0
0 0 𝐴66

] ,  𝐵 = [

𝐵11 𝐵12 0
𝐵12 𝐵22 0
0 0 𝐵66

], 

 𝐷 = [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷66

] 

𝐵𝑠 = [

𝐵11
𝑠 𝐵12

𝑠 0

𝐵12
𝑠 𝐵22

𝑠 0

0 0 𝐵66
𝑠
] , 𝐷𝑠 = [

𝐷11
𝑠 𝐷12

𝑠 0

𝐷12
𝑠 𝐷22

𝑠 0

0 0 𝐷66
𝑠
] ,  

𝐻𝑠 = [

𝐻11
𝑠 𝐻12

𝑠 0

𝐻12
𝑠 𝐻22

𝑠 0

0 0 𝐻66
𝑠
] 

𝑆 = {𝑆𝑥𝑧
𝑠 , 𝑆𝑦𝑧

𝑠 }
𝑡
,  𝛾 = {𝛾𝑥𝑧, 𝛾𝑦𝑧}

𝑡
,  𝐴𝑠 = [

𝐴44
𝑠 0

0 𝐴55
𝑠 ] (16) 

The components of stiffness can be calculated as 

{

𝐴11 𝐵11 𝐷11 𝐵11
𝑠 𝐷11

𝑠 𝐻11
𝑠

𝐴12 𝐵12 𝐷12 𝐵12
𝑠 𝐷12

𝑠 𝐻12
𝑠

𝐴66 𝐵66 𝐷66 𝐵66
𝑠 𝐷66

𝑠 𝐻66
𝑠
} = 

∫ 𝐶11(1, 𝑧, 𝑧
2, 𝑓(𝑧), 𝑧 𝑓(𝑧), 𝑓2(𝑧))

ℎ/2

−ℎ/2
{

1
𝜈
1−𝜈

2

}𝑑𝑧  

(𝐴22, 𝐵22, 𝐷22, 𝐵22
𝑠 , 𝐷22

𝑠 , 𝐻22
𝑠 ) =

(𝐴11, 𝐵11, 𝐷11, 𝐵11
𝑠 , 𝐷11

𝑠 , 𝐻11
𝑠 )  

𝐴44
𝑠 = 𝐴55

𝑠 = ∫ 𝐶44[𝑔(𝑧)]
2𝑑𝑧

ℎ/2

−ℎ/2
               (17) 

The kinetic energy variation is 

𝛿 𝑇 = ∫ ∫ [𝑢̇𝛿𝑢̇ + 𝑣̇𝛿𝑣̇ + 𝑤̇𝛿𝑤̇] 𝜌(𝑧) 
𝐴

ℎ

2

−
ℎ

2

𝑑𝐴 𝑑𝑧  

= ∫ {𝐼0[𝑢̇0𝛿𝑢̇0 + 𝑣̇0𝛿𝑣̇0 + (𝑤̇𝑏 + 𝑤̇𝑠)(𝛿𝑤̇𝑏 + 𝛿𝑤̇𝑠)]𝐴
  

−𝐼1 (𝑢̇0
𝜕𝛿𝑤̇𝑏

𝜕𝑥
+

𝜕𝑤̇𝑏

𝜕𝑥
𝛿 𝑢̇0 + 𝑣̇0

𝜕𝛿𝑤̇𝑏

𝜕𝑦
+

𝜕𝑤̇𝑏

𝜕𝑦
𝛿 𝑣̇0)  

−𝐼2 (𝑢̇0
𝜕𝛿𝑤̇𝑠

𝜕𝑥
+

𝜕𝑤̇𝑠

𝜕𝑥
𝛿 𝑢̇0 + 𝑣̇0

𝜕𝛿𝑤̇𝑠

𝜕𝑦
+

𝜕𝑤̇𝑠

𝜕𝑦
𝛿 𝑣̇0)  

+𝐽1 (
𝜕𝑤̇𝑏

𝜕𝑥

𝜕𝛿 𝑤̇𝑏

𝜕𝑥
+

𝜕𝑤̇𝑏

𝜕𝑦

𝜕𝛿 𝑤̇𝑏

𝜕𝑦
) + 𝐾2 (

𝜕𝑤̇𝑠

𝜕𝑥

𝜕𝛿 𝑤̇𝑠

𝜕𝑥
+

𝜕𝑤̇𝑠

𝜕𝑦

𝜕𝛿 𝑤̇𝑠

𝜕𝑦
)  

+𝐽2 (
𝜕𝑤̇𝑏

𝜕𝑥

𝜕𝛿 𝑤̇𝑠

𝜕𝑥
+

𝜕𝑤̇𝑠

𝜕𝑥

𝜕𝛿 𝑤̇𝑏

𝜕𝑥
+

𝜕𝑤̇𝑏

𝜕𝑦

𝜕𝛿 𝑤̇𝑠

𝜕𝑦
+

𝜕𝑤̇𝑠

𝜕𝑦

𝜕𝛿 𝑤̇𝑏

𝜕𝑦
)} 𝑑𝐴  

(18) 

The notation with a dot-superscript means 

differentiation with respect to time t, while ρ(z) represents 

the density. The parameters I0, I1, I2, J1, J2, K2 denote the 

mass inertias and they are given by 

 (𝐼0, 𝐼1, 𝐼2, 𝐽1, 𝐽2, 𝐾2) = ∫ (1, 𝑧, 𝑧2, 𝑓, 𝑧𝑓, 𝑓2)𝑑𝑧
ℎ/2

−ℎ/2
     (19) 

By replacing the formulas for δU and δT from Eqs. (13) 

and (18) into Eq. (12), performing integration by parts, and 

subsequently gathering the coefficients, we can derive the 

motion equations as follows 

𝛿 𝑢0:   
𝜕𝑁𝑥

𝜕𝑥
+

𝜕𝑁𝑥𝑦

𝜕𝑦
= 𝐼0𝑢̈0 − 𝐼1

𝜕𝑤̈𝑏

𝜕𝑥
− 𝐽1

𝜕𝑤̈𝑠

𝜕𝑥
  

𝛿 𝑣0:   
𝜕𝑁𝑥𝑦

𝜕𝑥
+

𝜕𝑁𝑦

𝜕𝑦
= 𝐼01𝑣̈0 − 𝐼1

𝜕𝑤̈𝑏

𝜕𝑦
− 𝐽1

𝜕𝑤̈𝑠

𝜕𝑦
  

𝛿 𝑤𝑏:   
𝜕2𝑀𝑥

𝑏

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑏

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
𝑏

𝜕𝑦2
=  

𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐼1 (
𝜕𝑢̈0

𝜕𝑥
+

𝜕𝑣̈0

𝜕𝑦
) − 𝐼2𝛻

2𝑤̈𝑏 − 𝐽2𝛻
2𝑤̈𝑠  

𝛿 𝑤𝑠:   
𝜕2𝑀𝑥

𝑠

𝜕𝑥2
+ 2

𝜕2𝑀𝑥𝑦
𝑠

𝜕𝑥𝜕𝑦
+

𝜕2𝑀𝑦
𝑠

𝜕𝑦2
+

𝜕𝑆𝑥𝑧
𝑠

𝜕𝑥
+

𝜕𝑆𝑦𝑧
𝑠

𝜕𝑦
=  

𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐽1 (
𝜕𝑢̈0

𝜕𝑥
+

𝜕𝑣̈0

𝜕𝑦
) − 𝐽2𝛻

2𝑤̈𝑏 − 𝐾2𝛻
2𝑤̈𝑠  (20) 

The motion equations can be appropriately represented 

as 

𝐴11
𝜕2𝑢0

𝜕𝑥2
+ 𝐴66

𝜕2𝑢0

𝜕𝑦2
+ (𝐴12 + 𝐴66)

𝜕2𝑣0

𝜕𝑥𝜕𝑦
− 𝐵11

𝜕3𝑤𝑏

𝜕𝑥3
−

(𝐵12 + 2𝐵66)
𝜕3𝑤𝑏

𝜕𝑥𝜕𝑦2
  − 𝐵11

𝑠 𝜕3𝑤𝑠

𝜕𝑥3
− (𝐵12

𝑠 + 2𝐵66
𝑠 )

𝜕3𝑤𝑠

𝜕𝑥𝜕𝑦2
=

𝐼0𝑢̈0 − 𝐼1
𝜕𝑤̈𝑏

𝜕𝑥
− 𝐽1

𝜕𝑤̈𝑠

𝜕𝑥
,  

(𝐴12 + 𝐴66)
𝜕2𝑢0

𝜕𝑥𝜕𝑦
+ 𝐴66

𝜕2𝑣0

𝜕𝑥2
+ 𝐴22

𝜕2𝑣0

𝜕𝑦2
− (𝐵12 +

2𝐵66)
𝜕3𝑤𝑏

𝜕𝑥2𝜕𝑦
− 𝐵22

𝜕3𝑤𝑏

𝜕𝑦3
 − 𝐵22

𝑠 𝜕3𝑤𝑠

𝜕𝑦3
− (𝐵12

𝑠 +

2𝐵66
𝑠 )

𝜕3𝑤𝑠

𝜕𝑥2𝜕𝑦
= 𝐼0𝑣̈0 − 𝐼1

𝜕𝑤̈𝑏

𝜕𝑦
− 𝐽1

𝜕𝑤̈𝑠

𝜕𝑦
,  

𝐵11
𝜕3𝑢0

𝜕𝑥3
+ (𝐵12 + 2𝐵66)

𝜕3𝑢0

𝜕𝑥𝜕𝑦2
+ (𝐵12 + 2𝐵66)

𝜕3𝑣0

𝜕𝑥2𝜕𝑦
+

𝐵22
𝜕3𝑣0

𝜕𝑦3
− 𝐷11

𝜕4𝑤𝑏

𝜕𝑥4
 − 2(𝐷12 + 2𝐷66)

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑦2
−

𝐷22
𝜕4𝑤𝑏

𝜕𝑦4
− 𝐷11

𝑠 𝜕4𝑤𝑠

𝜕𝑥4
− 2(𝐷12

𝑠 + 2𝐷66
𝑠 )

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑦2
 −

𝐷22
𝑠 𝜕4𝑤𝑠

𝜕𝑦4
= 𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐼1 (

𝜕𝑢̈0

𝜕𝑥
+

𝜕𝑣̈0

𝜕𝑦
) − 𝐼2𝛻

2𝑤̈𝑏 −

𝐽2𝛻
2𝑤̈𝑠,  

𝐵11
𝑠 𝜕3𝑢

𝜕𝑥3
+ (𝐵12

𝑠 + 2𝐵66
𝑠 )

𝜕3𝑢

𝜕𝑥𝜕𝑦2
+ (𝐵12

𝑠 + 2𝐵66
𝑠 )

𝜕3𝑣

𝜕𝑥2𝜕𝑦
+

𝐵22
𝑠 𝜕3𝑣

𝜕𝑦3
− 𝐷11

𝑠 𝜕4𝑤𝑏

𝜕𝑥4
 − 2(𝐷12

𝑠 + 2𝐷66
𝑠 )

𝜕4𝑤𝑏

𝜕𝑥2𝜕𝑦2
 −

𝐷22
𝑠 𝜕4𝑤𝑏

𝜕𝑦4
− 𝐻11

𝑠 𝜕4𝑤𝑠

𝜕𝑥4
− 2(𝐻12

𝑠 + 2𝐻66
𝑠 )

𝜕4𝑤𝑠

𝜕𝑥2𝜕𝑦2
 −

𝐻22
𝑠 𝜕4𝑤𝑠

𝜕𝑦4
+ 𝐴55

𝑠 𝜕2𝑤𝑠

𝜕𝑥2
+ 𝐴44

𝑠 𝜕2𝑤𝑠

𝜕𝑦2
=  

𝐼0(𝑤̈𝑏 + 𝑤̈𝑠) + 𝐽1 (
𝜕𝑢̈0

𝜕𝑥
+

𝜕𝑣̈0

𝜕𝑦
) − 𝐽2𝛻

2𝑤̈𝑏 − 𝐾2𝛻
2𝑤̈𝑠  (21) 

 

2.3 Navier solution 
 

The Navier solution entails computing analytical 

solutions by representing displacement variables as the 

product of arbitrary parameters and established 

trigonometric functions. In our case, we focus on simply 

supported plates. As a result, displacements and moments 

are zero on the boundary. Specifically, the following 

boundary conditions are imposed at the side edges 

𝑣0(0, 𝑦) = 𝑤𝑏(0, 𝑦) = 𝑤𝑠(0, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(0, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(0, 𝑦) = 0  

𝑣0(𝑎, 𝑦) = 𝑤𝑏(𝑎, 𝑦) = 𝑤𝑠(𝑎, 𝑦) =
𝜕𝑤𝑏

𝜕𝑦
(𝑎, 𝑦) =

𝜕𝑤𝑠

𝜕𝑦
(𝑎, 𝑦) = 0  

𝑁𝑥(0, 𝑦) = 𝑀𝑥
𝑏(0, 𝑦) = 𝑀𝑥

𝑠(0, 𝑦) = 𝑁𝑥(𝑎, 𝑦) =
𝑀𝑥
𝑏(𝑎, 𝑦) = 𝑀𝑥

𝑏(𝑎, 𝑦) = 0  

𝑢0(𝑥, 0) = 𝑤𝑏(𝑥, 0) = 𝑤𝑠(𝑥, 0) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 0) =

𝜕𝑤𝑠

𝜕𝑦
(𝑥, 0) = 0  

𝑢0(𝑥, 𝑏) = 𝑤𝑏(𝑥, 𝑏) = 𝑤𝑠(𝑥, 𝑏) =
𝜕𝑤𝑏

𝜕𝑥
(𝑥, 𝑏) =

𝜕𝑤𝑠

𝜕𝑥
(𝑥, 𝑏) = 0  

𝑁𝑦(𝑥, 0) = 𝑀𝑦
𝑏(𝑥, 0) = 𝑀𝑦

𝑠(𝑥, 0) = 𝑁𝑦(𝑥, 𝑏) =

𝑀𝑦
𝑏(𝑥, 𝑏) = 𝑀𝑦

𝑠(𝑥, 𝑏) = 0  
(22) 

The displacement functions that satisfy the boundary 

conditions of Eq. (22) are expressed using the following  
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Table 1 Material properties for the two parts (Thai et al. 

2014) 

Type Material 
Modulus of 

Elasticity (GPa) 

Density 

(kg/m3) 

Poisson’s 

ratio 

Metal Al - Aluminum 70 2702 0.3 

Ceramic 
Al2O3 - 

Aluminum oxide 
380 3800 0.3 

 

 

Fourier series, as outlined by (El Meiche et al. 2011) 

 {

𝑢0
𝑣0
𝑤𝑏
𝑤

} = ∑ ∑

{
 
 

 
 𝑈𝑚𝑛 𝑐𝑜𝑠(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦) 𝑒

𝑖𝜔𝑡

𝑉𝑚𝑛 𝑠𝑖𝑛(𝜆𝑥) 𝑐𝑜𝑠(𝜇𝑦) 𝑒
𝑖𝜔𝑡

𝑊𝑏𝑚𝑛 𝑠𝑖𝑛(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦) 𝑒
𝑖𝜔𝑡

𝑊𝑠𝑚𝑛 𝑠𝑖𝑛(𝜆𝑥) 𝑠𝑖𝑛(𝜇𝑦) 𝑒
𝑖𝜔𝑡
}
 
 

 
 

∞
𝑛=1

∞
𝑚=1  (23) 

In the given equation, Umn, Vmn, Wbmn, and Wsmn, 

represent some arbitrary parameters, while ω=ωmn is the 

eigenfrequency which corresponds to the (m, n)-th 

eigenmode. Upon substituting the expression of Eq. (23) 

into the set of Eq. (21), and performing integration over the 

domain of the solution, subsequent mathematical 

manipulations lead to 

11 12 13 14 11

12 22 23 24 222

13 23 33 34 33 34

14 24 34 44 34 44

0 0 0 0

0 0 0 0

0 0 0

0 0 0

mn

mn

bmn

smn

S S S S m U

S S S S m V

S S S S m m W

S S S S m m W



        
        

       − =                            
 (24) 

In which 

𝑆11 = 𝐴11𝜆
2 + 𝐴66𝜇

2, 
𝑆12 = 𝜆 ⋅ 𝜇(𝐴12 + 𝐴66), 

𝑆13 = −𝜆(𝐵11𝜆
2 + (𝐵12 + 2𝐵66)𝜇

2), 
𝑆14 = −𝜆(𝐵11

𝑠 𝜆2 + (𝐵12
𝑠 + 2𝐵66

𝑠 )𝜇2), 
𝑆22 = 𝐴66𝜆

2 + 𝐴22𝜇
2, 

𝑆23 = −𝜇((𝐵12 + 2𝐵66)𝜆
2 + 𝐵22𝜇

2), 

𝑆24 = −𝜇((𝐵12
𝑠 + 2𝐵66

𝑠 )𝜆2 + 𝐵22
𝑠 𝜇2), 

𝑆33 = 𝐷11𝜆
4 + 2(𝐷12 + 2𝐷66)𝜆

2𝜇2 + 𝐷22𝜇
4, 

𝑆34 = 𝐷11
𝑠 𝜆4 + 2(𝐷12

𝑠 + 2𝐷66
𝑠 )𝜆2𝜇2 + 𝐷22

𝑠 𝜇4, 
𝑆44 = 𝐻11

𝑠 𝜆4 + 2(𝐻12
𝑠 + 2𝐻66

𝑠 )𝜆2𝜇2 +𝐻22
𝑠 𝜇4 +

𝐴55
𝑠 𝜆2 + 𝐴44

𝑠 𝜇2,  

𝑚11 = 𝑚22 = 𝐼1, 
𝑚33 = 𝐼0 + 𝐼2(𝜆

2 + 𝜇2), 
𝑚34 = 𝐼0 + 𝐽2(𝜆

2 + 𝜇2), 
𝑚44 = 𝐼0 + 𝐾2(𝜆

2 + 𝜇2) 

(25) 

 

 

3. Numerical analysis and results 
 

This section presents the numerical results on the free 

vibration behavior of FG plates, focusing on the effects of 

porosity distribution patterns and geometric properties. The 

FG plates are composed of a metal component, Aluminum 

(Al), and a ceramic component, Aluminum oxide (Al2O3). 

Table 1 details the material properties used in this 

investigation. 

Multiple numerical results are used to validate the 

proposed approach, confirm the accuracy of the current 

solution and explore the effects of the power-law index, 

Table 2 Nondimensional natural frequency (𝜔)of Al/Al2O3 

FG plates (a/b=0.5) 

a/h 
Mode 

(m,n) 
 

Power-law index 

0 0.5 1 2 5 10 

5 

(1,1) 

Present 3.4416 2.9349 2.6478 2.3948 2.2259 2.1403 

(Nguyen 

2015) 
3.4464 2.9380 2.6509 2.3971 2.2260 2.1432 

(1,2) 

Present 5.2822 4.5187 4.0787 3.6804 3.3914 3.2506 

(Nguyen 

2015) 
5.2932 4.5258 4.0860 3.6859 3.3919 3.2574 

(2,2) 

Present 11.5614 9.9754 9.0201 8.0915 7.2869 6.9259 

(Nguyen 

2015) 
11.6113 10.0109 9.0538 8.1181 7.2951 6.9568 

20 

(1,1) 

Present 3.7123 3.1458 2.8353 2.5771 2.4401 2.3618 

(Nguyen 

2015) 
3.7127 3.1455 2.8355 2.5773 2.4401 2.3622 

(1,2) 

Present 5.9199 5.0179 4.5228 4.1100 3.8881 3.7621 

(Nguyen 

2015) 
5.9209 5.0176 4.5234 4.1104 3.8880 3.7629 

(2,2) 

Present 14.6075 12.3964 11.1749 10.1456 9.5648 9.2434 

(Nguyen 

2015) 
14.6131 12.3983 11.1785 10.1482 9.5645 9.2471 

 

Table 3 Nondimensional natural frequency (𝜔)of Al/Al2O3 

FG plates (a/b=1) 

a/h 
Mode 

(m,n) 
 

Power-law index 

0 0.5 1 2 5 10 

5 

(1,1) 

Present 5.2822 4.5187 4.0787 3.6804 3.3914 3.2506 

(Nguyen 

2015) 
5.2932 4.5258 4.0860 3.6859 3.3919 3.2574 

(1,2) 

Present 11.5614 9.9754 9.0201 8.0915 7.2869 6.9259 

(Nguyen 

2015) 
11.6113 10.0109 9.0538 8.1181 7.2951 6.9568 

(2,2) 

Present 16.7328 14.5155 13.1438 11.7527 10.4400 9.8711 

(Nguyen 

2015) 
16.8351 14.5888 13.2140 11.8101 10.4647 9.9360 

20 

(1,1) 

Present 5.9199 5.0179 4.5228 4.1100 3.8881 3.7621 

(Nguyen 

2015) 
5.9209 5.0176 4.5234 4.1104 3.8880 3.7629 

(1,2) 

Present 14.6075 12.3964 11.1749 10.1456 9.5648 9.2434 

(Nguyen 

2015) 
14.6131 12.3983 11.1785 10.1482 9.5645 9.2471 

(2,2) 

Present 23.0786 19.6066 17.6775 16.0355 15.0691 14.5459 

(Nguyen 

2015) 
23.0925 19.6126 17.6865 16.0419 15.0685 14.5550 

 

 

porosity distribution pattern, length-to-thickness ratio, and 

porosity parameters on the natural frequency of FG porous 

plates. For ease of analysis, the unitless parameter 𝜔  is 

introduced as shown in Eq. (26), which expresses a non-

dimensional natural frequency (Nguyen 2015) 

 𝜔 =
𝜔⋅𝑎

ℎ

2
√
𝜌𝑐

𝐸𝑐
                                 (26) 

Tables 2 and 3 depict the relationship between 

frequency and the grading parameter (k) for a FG plate. 

Maintaining an aspect ratio (a/h) of 0.5 and varying the 

“length to height” (L/h) ratio from 5 to 20 yields an 

escalation in natural frequency. Moreover, increasing the 

aspect ratio (a/h) correlates with a corresponding  
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Table 4 Effects of the shape of the distribution of porosity, 

on the frequency (𝜔)  of FG simply supported Al/Al2O3 

plates, k=1 

a/h Theory β 

Distribution shape of the porosity 

“U” 

(Uniform) 
“X” “O” “V” 

5 

CPT 

0 4.4048 4.4048 4.4048 4.4048 

0.1 4.3040 4.5137 4.4240 4.4222 

0.2 4.1595 4.6043 4.4425 4.4410 

Present 

0 4.0784 4.0784 4.0784 4.0784 

0.1 3.9984 4.1644 4.0896 4.0924 

0.2 3.8823 4.2351 4.0994 4.1076 

10 

CPT 

0 4.5194 4.5194 4.5194 4.5194 

0.1 4.4179 4.6319 4.5428 4.5388 

0.2 4.2723 4.7251 4.5659 4.5597 

Present 

0 4.4193 4.4193 4.4193 4.4193 

0.1 4.3244 4.5244 4.4397 4.4374 

0.2 4.1875 4.6111 4.4595 4.4569 

20 

CPT 

0 4.5493 4.5493 4.5493 4.5493 

0.1 4.4477 4.6629 4.5738 4.5692 

0.2 4.3018 4.7567 4.5982 4.5907 

Present 

0 4.5228 4.5228 4.5228 4.5228 

0.1 4.4229 4.6344 4.5465 4.5424 

0.2 4.2793 4.7264 4.5699 4.5634 

 

 

augmentation in the frequency. The power-law index 

signifies the change in metal-ceramic composition within 

the FG plate. Elevating the parameter k leads to a reduction 

in the plate’s frequency. This trend arises because higher 

values of k indicate a metal-rich plate, implying lower 

ceramic content and higher metal content. Metals typically 

exhibit lower stiffness and higher flexibility compared to 

ceramics, which are characterized by higher stiffness. 

Although density also influences frequency tuning, in the 

present context, the materials utilized manifest a more 

pronounced difference in modulus than in density. 

Consequently, the upsurge in metal content with increasing 

values of k culminates in a decline in frequency. 

In FGMs, modifications to material properties are 

achieved through adjustments in microstructure, 

composition of the reinforced material, and the introduction 

of variations in porosity within the structure (Barbaros et al. 

2022). Manufacturing these materials can be accomplished 

through various techniques, including gas-based methods, 

liquid-based processes, as well as solid-phase methods (like 

powder metallurgy) (Madan and Bhowmick 2022, Zhou et 

al. 2021). Functionally graded plates have been successfully 

produced by numerous researchers using these methods, 

with additional details available in the provided references 

(Chen et al. 2019, El-Galy et al. 2019). Although these 

methods aim to produce high-density products, the presence 

of porosity in a structure can occur due to various factors, 

including incorrect operational procedures such as 

insufficient sintering temperature or time, improper 

solidification, and variations in particle shape or size (Rajan  

2014, Watanabe et al. 2009). 

Consequently, the influence of the porosity parameter 

on vibration frequency has been observed. Table 3 presents 

the frequency variation of a porous FG plate which is  

 
Fig. 3 The effect of the ratio a/h on the frequency of the 

plate (k=1 and β=0.2) 

 

 

Fig. 4 Natural frequency of the FG plate vs Porosity 

coefficient β (k=1 and a=10h) 

 

 

simply supported, for different values of aspect ratio (a/h), 

porosity parameter (β), and porosity distribution patterns. 

Additionally, results from classical plate theory (CPT) are 

included for comparative analysis. The findings show that 

an increase in porosity is associated with a decrease in the 

natural frequency. Moreover, as the plate thickness 

increases, the discrepancy between CPT and the current 

solution becomes more pronounced. However, there is 

noteworthy agreement between CPT and the current 

solution results, especially for thin plates. It is important to 

highlight that the CPT results are derived by setting f(z)=0 

in Eq. (6). 

Fig. 3 depicts the impact of the a/h ratio on the 

frequency of the functionally graded with different 

distribution patterns for porosity. This ratio corresponds to 

the length (a) to thickness (h) ratio. It is shown that the 

“X”-shaped porosity type yields the largest natural 

frequency, while plates with homogeneous (uniform) 

porosity distributions exhibit the lowest natural frequency. 

This underscores the significant influence of pore 

arrangement and shape on the material’s vibrational 
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behavior, with the “X”-shaped configuration resulting in 

superior natural frequency compared to uniform 

distributions. 

Fig. 4 shows how the porosity coefficient (β) affects the 

non-dimensional fundamental frequency for various 

porosity shapes. As β increases from 0.1 to 0.5, the natural 

frequency rises for “O”, “X”, and “V” types. Conversely, a 

reverse trend is observed for homogeneous shapes, leading 

to a significant decrease in frequency. Notably, for “O” and 

“V” shapes, frequencies are nearly identical, except for the 

case β=0.5, where a slightly higher frequency is observed 

for the “V” type compared to the “O” type. Upon 

comparison, the natural frequency is highest for the “X” 

type, followed by “O”/”V” types, and then homogeneous 

shapes. Homogeneous porosity reduces the structure’s 

stiffness, resulting in a lower natural frequency. Conversely, 

in other porosity shapes, increased porosity introduces a 

damping effect on the plate. 

 

 

4. Conclusions 
 

This research offers a comprehensive understanding of 

the complex relationship between porosity distribution 

patterns and the vibrational behavior of FG porous plates, 

using trigonometric shear deformation theory. Through 

detailed analysis, four distinct porosity distribution types 

were examined, revealing their specific effects on the 

dynamic response of the plates. 

The study explored the combined influence of several 

key factors, including porosity levels, distribution patterns, 

the grading parameter of the FG material, and geometric 

characteristics such as the length-to-thickness ratio. By 

systematically varying these factors, we gained valuable 

insights into their individual and combined impacts on the 

vibrational performance of the plates, providing a deeper 

understanding of FG plate dynamics. 

To ensure the reliability and accuracy of our findings, 

we conducted thorough comparisons with data from the 

literature, which confirmed the validity of the analytical 

solution presented. This careful validation process 

strengthens our conclusions and enhances the credibility of 

the research outcomes. 

Our investigation revealed intriguing insights into the 

relationship between porosity distribution patterns and 

natural frequency. Remarkably, the natural frequency was 

found to peak for the “X”-shaped porosity distribution, 

while reaching its nadir for homogeneous porosity 

distribution. Moreover, we observed a notable trend 

wherein increasing the porosity parameter led to enhanced 

natural frequencies for “X”, “O”, and “V” shape 

distributions, while conversely diminishing frequencies in 

the case of homogeneous porosity distribution. 

In essence, our study not only elucidates the intricate 

dynamics of FG porous plates but also provides valuable 

insights for optimizing their vibrational characteristics. 

These findings hold significant implications for diverse 

engineering applications, from aerospace components to 

biomedical implants, where the vibrational behavior of FG 

plates plays a crucial role in performance and reliability. 

Moving forward, further exploration into advanced 

manufacturing techniques and innovative design strategies 

could pave the way for even more tailored and optimized 

FG plate structures, enhancing their functionality and 

applicability across various domains. 
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